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Length functions and spectral triples

A length function on a discrete group G is a map £: G — [0, 00)
such that

" £(gh) < &(g) +&(h),
" &g™") = ¥(g), and
= f(e)=0
for g, h € G and e the unit. If (14 €2)7! € Cy(G),

(CH(G), £(G), M)

is a spectral triple, where M, is multiplication by £ [Con89]. This
has been studied (and extended) by many authors, notably from
the point of view of compact quantum metric spaces.

= Alas, because £ is positive, the class in KK, (C(G), C) is zero.

= Does this construction generalise to locally compact groups?
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Weights on locally compact groups
Definition (M.)

Given a l.c. group G and a finite-dimensional complex vector space
V/, a weight is a continuous function

£:6G— EndV.

We require that £* = £ and, if V is Z/2Z-graded, that £ be odd.
We say that £ is
= proper if (1 +€2)71 € Cy(G,End V) = C;(G) ® End V/; and
= translation-bounded if, for all g € G,

sup [¢(gh) — &(h)| < o0
heG

and there exists a neighbourhood U of the identity in G such

that
sup [€(gh) —€(h)| < oco.

geU, heG
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Fissured Fell bundles over locally compact groups

Definition (M.)
Let & be a Fell bundle over a l.c. group G. Let % be the
continuous field of C*-algebras over G with fibre

B, = B, ®p, B, =End} (B,) < B

e

at g € G. The C*-algebra of its continuous sections (%) is an
ideal of Cy(G, B,). We say that & is fissured if [,(%) is a
complemented ideal of Cy(G, B,).

If [(B) = Co(G, B,), i.e. B, =B, forall g € G, B is saturated.
Fissuration is a generalisation of the spectral subspace assumption
of [CNNR11], which is the case G = Z. An example of a Fell
bundle which is fissured but not saturated is that associated to the
partial Bernoulli action of a discrete group G.

4/24



Two unbounded Kasparov modules

Theorem (M.)

Let G be a l.c. group, V' a finite-dimensional complex vector space,
and £: G — EndV a proper t.-b. weight.

= [f % is a fissured Fell bundle over G,
(CGH(RB),(L(B)®V)g,, My)

is a G-equivariant unbounded Kasparov C*(%)-B,-module.
* |f Ais a G-C*-algebra,

(A GC(GA® V)¢ 6.a)¢)
is a G-equivariant unbounded Kasparov A-Cy(G, A)-module.

One can think of this as a wide-ranging generalisation of the
Pimsner—Voiculescu extension class.
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Back to the easy case

For & the group bundle, we obtain a spectral triple for C(G).

Corollary
If Gisalc group and £: G— EndV is a proper t.-b. weight,

(GH(G), L(G, V), My)
is a @—equivariant spectral triple and

((C, Go(G V) 0), e)

is a G-equivariant unbounded Kasparov C-Cy(G)-module, related
by Baaj—Skandalis duality.
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Nontriviality in KK-theory

KKZ(C, Go(6))

KKS(CH(6). Co(6) %, 6) — KKL(CH(G). G(6) %, G)

®“2(G”lN ®[L2(G]\L

KKE(CH(6), €) ————— KK,(C(6).C)
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Weights as directed length functions

Consider a compactly generated abelian group G = R™ xZ" x K.
Define £: G —» 67 by

m+n

E(Xl, s X kl! T kn) =xrt X Vm + k1Ym+1 +ot knym+n'

For groups acting on many CAT(0) spaces, such as
= Hadamard manifolds,
= (the geometric realisations of) trees and
= Euclidean and hyperbolic Bruhat—Tits buildings,

there exist natural weights given by directed length functions. One
can also show nontriviality in KK-theory in these cases.
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Weights as directed length functions

Let F, = (a, b) be the free group on two generators. Define
2,,2,: F, = C be given on a reduced word w of length |w| by

¢, (w) +|w| wendsina
w) =
¢ —|w| wendsinal b, orb7?

+|w| wendsinb
eb(w) = . -1 1
—|w| wendsina,a™t, orb
These are proper and t.-b. and give rise to distinct (nontrivial)
KK-classes.

Let G be a real reductive Lie group and K its maximal compact
subgroup. Let g =t @ p be the Cartan decomposition; we have
G = Kexpp. The Killing form B on g is an inner product on p.
Define £: G — €Z(p, B) by £(kexp(X)) = X.
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Building new weights from old

* A proper t.-b. weight £; on a l.c. group G restricts to one on
a cocompact closed subgroup H of G.

= A proper t.-b. weight £,; on a cocompact closed subgroup H
of a l.c. group G can be induced to one on G. Let

g [ (2521 (5™) din(5)
H

where ¢ € C,(G) is a cut-off function for the right action of H
on G.

* Proper t.-b. weights £, : H = V;, €y : N = V) can be
combined into
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Group extensions

Let

0 SN —3 G L3 H 5 0

be an exact sequence of |.c. groups. Given proper t.-b. weights £,
and £, on N and H, we would like to build £;. This amounts to

the constructive unbounded Kasparov product and also requires

reduced partial-cross sectional Fell bundles.

= |If & is a fissured Fell bundle over G, with € the reduced
partial-cross sectional Fell bundle over H = G/N,

(C(RB) = CH(€), (L(€) ® Viy)c,» M,,)
is a é—equivariant unbounded Kasparov module.
= If Ais a G-C*-algebra,
(Go(H, A), Co(G, A® V) (6.4): En )
is a G-equivariant unbounded Kasparov module.
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The constructive Kasparov product applied

Translating the conditions of [LM19], we obtain

Theorem (M.)
Let

0 SN — G —3>H 5 0

be an exact sequence of I.c. groups. Suppose that we have proper
t.-b. weights €y : N — End Vjy and £, : H — End V};. Suppose
that £y : G — V), is a t.-b. weight such that

sup |2 () — € (n)] < oo.

Then £ = m*(£,)®1+1& 2y : G — V is a proper t.-b. weight.
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The constructive Kasparov product applied

Theorem (cont.)
Further, for % a fissured Fell bundle over G,

“(CHRB). (L*(B)® Ve)s, Me,)
represents the Kasparov product
¢(CHRB), (LP(%) ® Viy)cy» Me,,)
®cxay) ¢ (CH(Bn), (LX(By) ® Vi)g,, M)
and, for A a G-C*-algebra,
C(A G(GA® Ve)e, 6.4y 4a)
represents the Kasparov product
“(A G(H.A® Vi) e, (m.ay 1)
Q®cy(H.A) “(G(H. A), G(GA® WW)c,(6.a) En )-
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The constructive Kasparov product applied

In practice, the only difficult point is the translation-boundedness
of £,. Indeed, the weight £,, automatically satisfies the other
condition.
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Example: the universal cover of SL(2,R)
The universal cover of SL(2,R) fits into the exact sequence

0 —>Z —> SL(2,R) —> SL(2,R) —> 0 .
As this is a central extension, we may represent elements of
SL(2,R) as pairs in SL(2,R) x Z, with
(1. n1)(82, 2) = (8182, 1y + np + W(g1, 82))
for some 2-cocycle W : SL(2,R) x SL(2,R) — {0, +1}.

Let £, : Z — C take n i~ n. Can't take & : (g, n) > n as it's not
continuous. Instead, Iwasawa-decompose

(1 x yi/2 cosf —sinf
£= 1 y 2] \sinf cos@

where x + iy is in the upper-half plane and 8 € [—m, ). Let

— 6
2,(g,n)=n+ 5
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Example: the universal cover of SL(2,R)
First,

sup [Z5(e, n) — 5(n)] = 0.
nez

Second, by [Asa70], with arg : C\ {0} — [—m, )

— 1
7((g1,n1)(82, n2))— ez(gz ny) = n;+-— arg((x2+Ly2)S|n 6, +cos 6,),

which is bounded by |n,| + % (This latter is just a consequence of
the boundedness of the cocycle W.) For the open neighbourhood

U={(g0)]|0€(-mm)}

of the identity (e,0) € SL(2,R),

sup
(g1.n1)€U,(g5.n,)ESL(2,R)

”E;((glv n1)(82: 2)) — €z(82. 1o)|| <

l\)ll—\

Hence E; is translation-bounded and we can apply the Theorem
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Semidirect products
Let ¢ : H — Aut(N) and G = H X, N be a semidirect product of
l.c. groups. Fors,t € H and m,n € N,

(s, m)(t, n) = (st, g1 (m)n).

Suppose we have a proper t.-b. weight £, : N — End Vjy. We need
a t.-b. weight £, : G — V), such that

sup 2y (e, m) — £y(m)| < oo.
meN

If we naively define _
Ey(s,m) = Ey(m)
then

En((sm)(t,n)) = &y (t 1) = En (@ (m)n) — Ey(n).

11 This is usually not uniformly bounded in t € H and n € N.
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Failure of the constructive unbounded Kasparov product

If o: H— Aut(N) is
= ‘elliptic/isometric/compact’, everything works fine.

= ‘parabolic/polynomially unbounded/nilpotent’, one can make
a tangled spectral triple [FGM26]. This involves the use of a
fractional power functional calculus and also works for
nilpotent G.

= ‘hyperbolic/exponentially unbounded/generic’, both these
approaches fail.
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Lion taming by logarithm

The use of logarithmic dampening in NCG is due to [GMR19].

Lemma
Let E be a normed real vector space. Let L : E — E be given by

Ly — B )
W

For x,y € E and o« > 0,

IL(x + ay) = L(y)ll < |log o + 2log(1 + 3x]).

So the bound is independent of y and continuous in x and «.
(N.B. L is not a linear map.)
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Lion taming by logarithm

Now work with Lo £y : N — End V), which is still proper and t.-b. .
Lo £, preserves all the KK-theoretic content of €.
Theorem (M.)

Let G =H K, N be a semidirect product of I.c. groups. Let
2y : N — End V), be a proper t.-b. weight. Suppose that N has a
compact generating set S and let

Jjs(t) = mES;UrI?eN [|2n (@2 (m)n) — €p ().

Then .
Loly(t,n) = L(js(t) " en(n)).

gives a t.-b. weight and

sup |Lo€y(e,n) — Loly(n)| < .
neN
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€ The dual Dirac element for almost connected groups

Even when the extension is not split (and G is not a semidirect
product) a similar technique can often be used. As an application
of this, we can produce an explicit representative for the dual Dirac
element for any almost connected group G.

If K is a maximal compact subgroup of G then X := G/K is
diffeomorphic to R™. The dual Dirac element is the unique

B € KKC(C,T,(€£(T*X))) such that

a®c B=1¢€ KKC(ITy(GL(T*X)), To(B£(T*X))), where « is the
Dirac element. Then v := B ®r g(7+x)) &

In [Kas88], Kasparov shows that B exists by an inductive argument,
using the Technical Theorem.
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€ The dual Dirac element for almost connected groups

Lemma
G has a series of normal subgroups

{e}=N,cN,CcN,c--CN,CG

such that each N, /N, is either compact or isomorphic to R"« or
Z™, and G/N,, is a centreless semisimple Lie group.

Let K” a maximal compact subgroup of G/N,,. Then (G/N,,)/K’
is CAT(0) and diffeomorphic to R"™2«", meaning we can build a
directed length function £/ . Successively using logarithmic
dampening and the constructive Kasparov product, we arrive at a
proper t.-b. weight £; : G = 67 ,,.
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€ The dual Dirac element for almost connected groups

To see the relationship between this and 3, define
w: [ (67(T*X)) = Co(G, 67(T X)) by

w(o)(g) =g~" - o(gK).
We tacitly identify €2(T%X) with €¢,,.
Now S is represented by
“(C, To(BL(T*X))r @e(rex) P)
where one defines J so that
w(9) = L.

(This will make sense because £(gk) = £(g) for all g € G and
keK.)
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